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We develop a general quantum theory of the coupled plasmonic modes resulting from the near-field interaction
between localized surface plasmons in a heterogeneous metallic nanoparticle dimer. In particular, we provide
analytical expressions for the frequencies and decay rates of the bright and dark plasmonic modes. We show
that, for sufficiently small nanoparticles, the main decay channel for the dark plasmonic mode, which is weakly
coupled to light and, hence, immune to radiation damping, is of nonradiative origin and corresponds to Landau
damping, i.e., decay into electron-hole pairs.
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I. INTRODUCTION
It has taken 74 years between the founding work of Mie on
the optical response of a metallic nanoparticle [1] and the ex-
tension of Ruppin to the case of two nearby spheres [2]. At
the practical level, the evolution from the single object to com-
pound optical resonant systems has been even slower than the
corresponding theoretical development. About twenty cen-
turies span from the realization of optically active materials
based on noninteracting nanoparticles [3] to the success in the
fabrication and optical measurements of ensembles of inter-
acting nanoparticles [4]. Nonetheless, once the theoretical and
experimental basis for studying these compound objects was
laid down, the subsequent developments have been extremely
fast. In the field of nanoplasmonics [5], the intense recent ac-
tivity concerning nanoparticle dimers [6] stems from the fact
that it is the simplest system sustaining coupled plasmonic ex-
citations.
The near-field interaction between the localized surface
plasmons (LSPs) of two nanoparticles results in a bright mode
(coupled to the electromagnetic field associated with visible
light) and a dark one (weakly coupled to light). Both of
these modes have been experimentally observed [6–12] and
theoretically investigated [2, 13–19]. On the one hand, the
bright mode has been observed using laser excitation in vari-
ous experimental systems [6–9]. On the other hand, the dark
mode is difficult to excite in symmetric, homogeneous dimers
with interparticle distance much smaller than the laser wave-
length. However, this difficulty is less severe in heterogeneous
dimers. The alternative experimental technique of electron en-
ergy loss spectroscopy (EELS) has recently provided an un-
ambiguous detection of the dark mode [10–12].
The damping of these coupled modes is a crucial limiting
factor for their experimental observation as well as for poten-
tial applications in the field of nanoplasmonics [5]. While the
bright mode radiates in the far-field and hence has a radiative
decay, the dark mode is obviously immune to radiation damp-
ing. It is then of paramount interest to understand the non-
radiative decay channels at the origin of the experimentally-
observed finite linewidth of the dark mode [10–12].
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In this work we show that for dimers composed of suffi-
ciently small nanoparticles, the main decay channel for the
dark mode corresponds to Landau damping, which dominates
over absorption losses. In the present context, the Landau
damping is a purely quantum-mechanical effect that leads to
the decay of the collective excitation through the creation of
electron-hole pairs [20, 21]. Thus, we develop a general quan-
tum theory of coupled plasmonic excitations in a heteroge-
neous dimer of metallic nanoparticles. Using bosonic Bogoli-
ubov transformations and semiclassical techniques, we pro-
vide analytical expressions for the frequencies and lifetimes
of the coupled plasmonic modes.
The present paper is organized as follows: Section II
presents our model that we use in Secs. III and IV to obtain
the frequencies and the decay rates of the coupled plasmonic
modes, respectively. We draw our conclusions in Sec. V. The
technical details of our calculations are presented in the ap-
pendices.
II. OPEN QUANTUM SYSTEM APPROACH
For a single metallic nanoparticle, the separation of the
electronic coordinates into center-of-mass and relative motion
[22, 23] amounts to a description typical for an open quan-
tum system. The dipolar LSP (i.e., the center-of-mass coor-
dinate) is coupled to an electronic environment (i.e., the bath
of electron-hole pairs represented by the relative coordinates)
and leads to the nonradiative decay of the collective excitation
(Landau damping). The coupling between the two subsystems
is a consequence of the breaking of Kohn’s theorem [24, 25]
due to the non-harmonicity of the confining potential, the lat-
ter arising from the positive ionic background. In addition,
radiative damping arises from the coupling of the LSP with
electromagnetic field modes, while absorption (Ohmic) losses
occur due to the finite resistivity of the metal.
As detailed in Appendix A, extending this approach to the
case of a nanoparticle dimer (sketched in Fig. 1), the resulting
electronic Hamiltonian can be written as
H = Hpl +Heh +Hpl−eh. (1)
ar
X
iv
:1
40
7.
65
69
v2
  [
co
nd
-m
at.
me
s-h
all
]  
22
 Ja
n 2
01
5
2z
I
II
III
￿ˆ ￿ˆ
θ θ
d
r1
r2
a1 a2
xˆ
zˆ
yˆ
FIG. 1. (Color online). Sketch of a nanoparticle dimer formed by two
spherical nanoparticles of radii a1 and a2 separated by a distance d,
together with the coordinate system used in the text. The polarization
ˆ of the localized surface plasmons forming an angle θ with the z axis
is also shown.
The plasmonic part reads
Hpl =
2∑
n=1
~ω˜nb†nbn + ~Ωf(θ)
(
b†1b2 + b
†
1b
†
2 + h.c.
)
, (2)
where the index n is used to identify within the dimer the two
spherical, neutral nanoparticles of radius an (each containing
Nn electrons). The LSP frequency
ω˜n = ωn
√
1− Nout,n
Nn
, ωn =
√√√√ 3Nne2
mea3n
(

(n)
d + 2m
)
(3)
is redshifted with respect to the Mie frequency ωn due to the
Nout,n electrons spilling out of nanoparticle n [4]. Here, −e
and me denote the electron charge and mass, respectively.
The dielectric constant (n)d takes into account the screening
provided, in the case of noble metals, by the d electrons in
nanoparticle n, and m is the dielectric constant of the ma-
trix in which the nanoparticles are embedded. In Eq. (2),
the bosonic operator bn (b†n) annihilates (creates) an LSP in
nanoparticle n [26]. The two LSPs interact through their near
fields, giving rise to the second term in the right-hand side of
Eq. (2), where
Ω =
1
2
2∏
n=1
(
ω˜n
1−Nout,n/Nn
)1/2 (an
d
)3/2
(4)
and
f(θ) = 1− 3 cos2 θ. (5)
Here, d is the center-to-center nanoparticle distance and θ is
the angle formed by the polarization ˆ of the LSPs and the
z axis joining the two NPs (see Fig. 1). In writing Eq. (2),
we adopted a quasistatic dipole-dipole approximation valid
for 3an . d  c/ω˜n, where c is the speed of light [27, 28].
We further assumed that in each eigenmode, the two LSPs are
polarized in the same direction ˆ.
Electron-hole excitations within each nanoparticle provide
the electronic environment described by [23]
Heh =
2∑
n=1
∑
α
εnαc
†
nαcnα, (6)
where cnα (c
†
nα) annihilates (creates) an electron in the nth
nanoparticle associated with the one-body state |nα〉 with en-
ergy εnα in the self-consistent potential V . Note that the
form (6) implicitly assumes that tunneling of electrons be-
tween the two nanoparticles is suppressed. Similarly to the
case of a single nanoparticle discussed above, the coupling
of the plasmon to the electronic environment comes from the
non-harmonicity of the single-particle confinement, which in
the jellium approximation with (n)d = m = 1 reads
Un(rn) =
Nne
2
2a3n
(r2n− 3a2n)Θ(an− rn)−
Nne
2
rn
Θ(rn− an),
(7)
where rn is the radial coordinate with respect to the center of
nanoparticle n. Hence, the Hamiltonian Hpl−eh in Eq. (1) can
be written as
Hpl−eh =
2∑
n,n′,n′′=1
√
~
2Nnmeω˜n
(
bn + b
†
n
)
×
∑
αβ
〈n′α|ˆ · ∇Un(rn)|n′′β〉c†n′αcn′′β . (8)
III. FREQUENCIES OF THE COUPLED PLASMONIC
MODES
The quadratic Hamiltonian (2) representing the two coupled
LSPs is diagonalized as
Hpl =
∑
σ=±
~ωσB†σBσ (9)
by introducing the bosonic operators
B± =
2∑
n=1
(un,±bn + u¯n,±b†n). (10)
For the general case of unequal frequencies ω˜n, following
Tsallis’ prescription for Bogoliubov transformations [29], we
find (see Appendix B for details)
ω± =
√√√√ ω˜21 + ω˜22
2
±
√
4Ω2ω˜1ω˜2f2(θ) +
(
ω˜21 − ω˜22
2
)2
(11)
and
un,± = [± sign{f(θ)}]n−1 ω± + ω˜n
2
√
ω˜nω±
√
ω2± − ω˜2nˆ
2ω2± − ω˜21 − ω˜22
,
(12a)
u¯n,± = [± sign{f(θ)}]n−1 ω± − ω˜n
2
√
ω˜nω±
√
ω2± − ω˜2nˆ
2ω2± − ω˜21 − ω˜22
.
(12b)
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FIG. 2. (Color online). (a) Frequencies ω± [Eq. (11)], (b) Lan-
dau damping linewidths γL± [Eq. (22)] and (c) radiative damping
linewidths γr± [Eq. (26)] of the + (solid lines) and − (dashed lines)
coupled plasmonic modes as a function of the polarization angle θ
for ω˜1/ω˜2 = 1 (thin lines) and ω˜1/ω˜2 = 1.05 (thick lines). The
bright (dark) modes for which the two LSPs are in phase (in anti-
phase) are represented by red/gray (black) curves. In the figure, the
parameters are a1 = a2 = a, d = 3a, ~ω˜1/E(1)F = 1, and spill-out
is neglected.
In Eq. (12), nˆ = 1(2) for n = 2(1).
The two plasmonic eigenmodes correspond to the coher-
ent oscillation of the two LSPs. For θ = 0, the low-energy
(high-energy) mode with frequency ω− (ω+) can be thought
of as the in-phase (anti-phase) motion of the two LSPs. Vice
versa, for θ = pi/2, the− and + modes correspond to the anti-
phase and in-phase motions, respectively. Figure 2(a) shows
the transition between these two previous extreme cases as
a function of the polarization angle θ. In the special case
ω˜1 = ω˜2 [i.e., identical nanoparticles, thin solid and dashed
lines in Fig. 2(a)], the in-phase mode (with nonvanishing
dipole moment) can be excited by dipolar light and thus re-
ceives the name of “bright mode”. It corresponds to the −
(+) eigenmode for polarization angles θ < (>)θ0, where
θ0 = arccos (1/
√
3) is the angle for which the dipole-dipole
interaction in Eq. (2) vanishes. Conversely, the anti-phase
mode (with vanishing dipole moment) corresponds to the +
(−) eigenmode for θ < (>)θ0. Since it cannot be triggered
by visible light, it is referred to as the “dark mode”. When
ω˜1 6= ω˜2 [thick, solid and dashed lines in Fig. 2(a)], the dif-
ference between bright and dark modes is less stringent, as
both the + and − modes have a finite dipole moment for any
θ. In this case the usage of bright (dark) modes refers to the
larger (smaller) total dipole moment. Notice, moreover, that
the dependence on the interparticle distance d of the ± fre-
quencies is encapsulated in Eq. (11) in the definition (4) of Ω,
so that ω± − [(ω˜21 + ω˜22)/2]1/2 ∼ ±1/d3 [30]. Such a behav-
ior, which directly follows from the form of the dipole-dipole
interaction, has also been unveiled both theoretically [2, 14]
and experimentally [8] in the case of nanoparticles of equal
size and formed of the same material.
IV. NONRADIATIVE AND RADIATIVE DECAY RATES OF
THE DARK AND BRIGHT MODES
A. Landau damping
The modes previously described can be understood as re-
sulting from the coupling of classical dipoles, as has been ex-
tensively discussed in the literature [2, 4, 6–16]. Our quantum
description is nevertheless crucial for the evaluation of the
Landau damping of the two coupled plasmonic modes. The
coupling Hamiltonian (8) associated with this decay channel
can be expressed in terms of the B± bosonic operators given
in Eq. (10) as
Hpl−eh =
2∑
n=1
∑
σ=±
Λn
(
Bσ +B
†
σ
)∑
αβ
ˆ ·D(n)αβ,σc†nαcnβ ,
(13)
with
D
(n)
αβ,σ = ∆un,σd
(n)
αβ +
2Ω
ωn
∆unˆ,σ
[
d
(n)
αβ − 3
(
d
(n)
αβ · zˆ
)
zˆ
]
,
(14)
where Λn = (~meω3n/2Nn)1/2 and ∆un,σ = un,σ − u¯n,σ .
Equation (13) is obtained under the assumption that the self-
consistent potential V is constant inside the nanoparticles and
infinite outside. Such an assumption, which neglects the spill-
out, is justified by density functional calculations for the one-
particle case [23], as well as for dimers [17]. Within this
approximation, the dipole matrix elements entering Eq. (14)
reads
d
(n)
αβ =
(∑
s=±1
Amαmβlαlβ ,s
xˆ− isyˆ√
2
+Amαmβlαlβ ,0 zˆ
)
Rn(Eα, Eβ),
(15)
4where the radial part is given by [31]
Rn(Eα, Eβ) = 2~
2
mean
√
EαEβ
(Eα − Eβ)2 . (16)
The angular part in Eq. (15) is expressed in terms of Wigner-
3j symbols as [32]
Amαmβlαlβ ,s = (−1)mα+s
√
(2lα + 1)(2lβ + 1)
×
(
lα lβ 1
0 0 0
)(
lα lβ 1
−mα mβ s
)
. (17)
Notice that the angular momenta selection rules lα = lβ ± 1
and mα = mβ (s = 0) and mα = mβ ± 1 (s = ±1) are
encapsulated in the expression above.
The zero-temperature Fermi’s golden rule decay rate of the
+ and − plasmonic modes from the Landau damping channel
is then given from Eq. (13) by
γL± =
2pi
~
2∑
n=1
∑
eh
|ΛnD(n)eh,± · ˆ|2δ(~ω± − Ee + Eh), (18)
where |ne〉 and |nh〉 represent, respectively, electron and hole
states in the self-consistent potential V for the nth nanoparti-
cle. The sum over e and h states is performed by introducing
the density of states %(n)l (E) with fixed angular momentum l
at energy E in nanoparticle n. The angular momentum selec-
tion rules from Eq. (17) lead to
γL± =
16pi
3~m2eω4±
2∑
n=1
Λ2n
a2n
Pn,±(θ)
∫ E(n)F +~ω±
max {E(n)F ,~ω±}
dE EE±
×
∑
l
%
(n)
l (E)
[
(l + 1)%
(n)
l+1(E±) + l%
(n)
l−1(E±)
]
,
(19)
with E± = E − ~ω± and where
Pn,±(θ) = sin2 θ
(
∆un,± +
2Ω
ωn
∆unˆ,±
)2
+ cos2 θ
(
∆un,± − 4Ω
ωn
∆unˆ,±
)2
. (20)
Here, E(n)F (v
(n)
F ) stands for the Fermi energy (velocity) in
nanoparticle n. Using the semiclassical leading-order form
[33] of the density of states,
%
(n)
l (E) '
√
2mea2nE/~2 − (l + 1/2)2
2piE
, (21)
the Landau damping decay rates read
γL± =
2∑
n=1
3v
(n)
F
4an
(
ωn
ω±
)3
g
(
~ω±/E(n)F
)
Pn,±(θ), (22)
where an explicit expression of the function
g(ν) =
2
ν
∫ 1+ν
max{1,ν}
dx
∫ x−ν
0
dy
√
(x− y)(x− y − ν)
(23)
can be found in Refs. [31, 32], thus yielding an analytical ex-
pression for the Landau damping decay rates.
The linewidths from Eq. (22) are represented as a function
of the polarization angle θ in Fig. 2(b) for the case ω˜1/ω˜2 = 1
(thin lines) and ω˜1/ω˜2 = 1.05 (thick lines). The dark (black)
and bright modes (red/gray lines) show a modulation with re-
spect to the Landau damping linewidth of isolated nanoparti-
cles [20, 31, 33]
γLn =
3v
(n)
F
4an
g
(
~ωn/E(n)F
)
, (24)
used as normalization. This anisotropy represents a qualitative
difference as compared to the single nanoparticle case, stem-
ming from the nonlocality of the coupled plasmonic modes.
The expected tunability of ±2 % obtained for d = 3a [Fig.
2(b)] should be detectable in optical experiments for the bright
mode. When ω˜1/ω˜2 = 1, the higher energy + mode is
less damped than the lower-energy − one. This energy de-
pendence is analogous to the single nanoparticle case, where
higher mode frequencies correspond to lower values of the
damping rates [34, 35].
B. Absorption losses and radiation damping
In order to assess the relevance of Landau damping, we
have to quantify the additional damping mechanisms not
described by the Hamiltonian (1). The absorption losses
given by the bulk conductivity of the metal lead to a size-
independent decay rate γa (which has a weak frequency de-
pendence). The radiation damping rate γr± relates the power
P r± radiated with the energy E± stored in the mode ± as
P r± = γ
r
±E±. (25)
In the limit where the interparticle distance is much smaller
than the wavelength associated with each LSP [36], one has
P r± = 2ω
4
±p
2
±/3c
3, where p± is the dipole moment corre-
sponding to the ± mode oscillating at the frequency ω± given
by Eq. (11). Averaging Eq. (25) on a period 2pi/ω± much
shorter than the decay time 1/γr± leads to
γr± =
2ω3±
3c3
(
2∑
n=1
√
ω˜na3n ∆un,±
)2
. (26)
The radiation damping linewidths above are shown in Fig. 2(c)
as a function of polarization for ω˜1/ω˜2 = 1 (thin lines) and
ω˜1/ω˜2 = 1.05 (thick lines). The normalization factor γr1 + γ
r
2
used in the figure corresponds to the radiation damping of two
independent nanoparticles, with
γrn =
2ω˜4na
3
n
3c3
. (27)
For ω˜1/ω˜2 = 1, the dark mode has a vanishing radiative
linewidth [thin black curve in Fig. 2(c)] as it does not cou-
ple to the electromagnetic field, while the radiation damping
of the bright mode can be modulated with the light polariza-
tion (thin red/gray curve). Choosing ω˜1/ω˜2 6= 1 opens the
way to the optical detection of the dark mode, as its linewidth
becomes finite [thick black curve in Fig. 2(c)].
5C. Discussion
The relative importance of the three above-described damp-
ing mechanisms, as well as those arising from the nature of
the embedding matrix (chemical interface damping and con-
duction band in the matrix [4]) depends on a variety of phys-
ical parameters that should be settled in order to achieve a
meaningful comparison. We focus from now on on noble
metal nanoparticles [37], since they constitute the dimers ex-
perimentally studied [6–12]. We show in Fig. 3 the compe-
tition of γL± and γ
r
± of the bright (light gray/red lines) and
dark (black lines) plasmonic modes as a function of nanopar-
ticle radius a (assumed to be the same for both particles) for
homogeneous [Ag-Ag, Fig. 3(a)] and heterogeneous [Ag-Au,
Fig. 3(b)] dimers with d = 3a. A matrix with m = 4 is as-
sumed, which leads to LSP resonances ωAg = 2.6 eV/~ and
ωAu = 2.2 eV/~ [4]. We consider the transverse polariza-
tion (θ = pi/2), so that the + (−) mode corresponds to the
bright (dark) mode (see Fig. 2). As can be seen from Fig.
3(a), for the bright mode the Landau damping [Eq. (22) scal-
ing with the nanoparticle size as 1/a, solid line] dominates
over radiation damping [Eq. (26) scaling as a3, dashed-dotted
line] for a . 15 nm. On the contrary, for the dark mode,
Landau damping [dotted line in Fig. 3(a)] dominates for sizes
up to which it becomes negligible as compared to the absorp-
tion losses, since the radiative contribution to the linewidth
vanishes [see dashed line in Fig. 3(a)]. In the case of a hetero-
geneous dimer [Fig. 3(b)], the difference between the bright
and dark plasmonic modes is less stringent, as the dark mode
acquires a finite dipole moment due to the difference in sizes
and/or in densities between the two nanoparticles.
The agreement of our analytical theory with microscopic
numerical calculations [17] is excellent. Using the time-
dependent local-density approximation for Ag dimers with
a = 1.2 nm, d = 3a and θ = 0, a resonance linewidth of
0.43 eV is obtained, while the Landau damping mechanism,
dominating in this regime, yields [Eq. (22)] ~γL− = 0.40 eV.
The existing experimental data exhibit tendencies that are
consistent with our theoretical calculations. In Ag dimers
excited by EELS [11] the bright and dark modes have both
an increasing damping rate when passing from homogeneous
to heterogeneous dimers, due to the larger dipole moments
of the latter and the fact that the inhomogeneous dimers are
achieved by using larger nanoparticles. Homogeneous dimers
with a = 12 nm have a larger damping rate for the bright
mode than for the dark one, due to the radiation damping con-
tribution on the former. However, a quantitative comparison
of the damping rates is handicapped by the limited resolution
(∼ 0.2 eV) of these EELS experiments [39]. Another diffi-
culty for the quantitative comparison with the experiment is
that the employed nanoparticles are very close to each other,
taking the setup outside the validity of the dipole-dipole ap-
proximation used in our theoretical approach. Moreover, the
absorption losses, estimated [38] to be about ~γa ' 70 meV
in optically excited Ag nanoparticles [see the thin gray line
in Fig. 3(a)], are expected to be considerably larger in EELS
experiments. This is due to the strong heating induced by the
electron beam that might explain the value of the observed
(a)
(b)
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FIG. 3. (Color online). Landau damping (solid and dotted lines)
and radiation damping (dashed-dotted and dashed lines) linewidths
for transverse polarization θ = pi/2 as a function of nanoparticle
radius a of the bright (+, light gray/red lines) and dark (−, black
lines) mode. (a) Homogeneous dimer composed of two Ag nanopar-
ticles. The thin gray line in the figure corresponds to the absorption
losses measured in Ref. [38]. (b) Heterogeneous Ag-Au dimer. In
the figure, d = 3a and m = 4.
[11] total linewidths (∼ 0.5 eV). In addition, the nature and
dielectric properties of the material coating the nanoparticles
are not well controlled.
V. CONCLUSION
We have presented a general quantum theory of coupled
plasmonic modes in a heterogeneous metallic nanoparticle
dimer. We have provided analytical expressions for the fre-
quencies, Landau damping and radiative linewidths of these
plasmonic modes. The role of nonradiative damping for col-
lective excitations of interacting metallic nanoparticles has
been explored and quantified. In particular, we have shown
that the Landau damping is an unavoidable decay channel for
the dark plasmonic mode consistent with the tendencies of
the experimentally-observed linewidths [10–12]. Our work
should motivate systematic measurements for different parti-
cle sizes and constitutes a first step of crucial importance to-
wards the understanding of the damping mechanisms limiting
plasmon propagation in technologically promising quantum
metamaterials based on one- and two-dimensional arrays of
6nanoparticles [5, 40], such as the honeycomb lattice support-
ing chiral massless Dirac-like plasmons [41, 42].
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Appendix A: Microscopic Hamiltonian of a metallic
nanoparticle dimer
In this appendix, we detail the derivation of the Hamiltonian
(1), which describes the bright and dark plasmonic modes and
their coupling to electron-hole excitations. Within the jellium
model which replaces the ions by a homogeneous positively
charged background, the electronic Hamiltonian describing
the nanoparticle dimer sketched in Fig. 1 reads
H =
2∑
n=1
Nn∑
i=1
[
p2n,i
2me
+ U2NP(ρn,i)
]
+
e2
2
2∑
n=1
Nn∑
i,j=1
(j 6=i)
1
|ρn,i − ρn,j |
+ e2
N1∑
i=1
N2∑
j=2
1
|ρ1,i − ρ2,j |
,
(A1)
with ρn,i the position of the ith electron belonging to the nth
nanoparticle and pn,i its momentum. Note that the Hamilto-
nian (A1) describes a nanoparticle dimer in vacuum (m = 1)
in which the screening due to the d electrons is negligible
((n)d = 1). The third and fourth terms in the right-hand side
in Eq. (A1) represent, respectively, the intra- and interparti-
cle electron-electron interaction. The single-particle confine-
ment potential created by the two positively-charged jellium
spheres (with charge +Nne, n = 1, 2) reads
U2NP(ρ) =

N1e
2
2a1
[(
r1
a1
)2
− 3
]
− N2e
2
r2
, ρ ∈ I,
N2e
2
2a2
[(
r2
a2
)2
− 3
]
− N1e
2
r1
, ρ ∈ II,
−N1e
2
r1
− N2e
2
r2
, ρ ∈ III,
(A2)
where rn = ρ− dn, with dn the location of the center of the
nth particle. Here, regions I and II are, respectively, inside
nanoparticle 1 and 2, and region III corresponds to the space
outside both particles (see Fig. 1).
Assuming that the interparticle distance d is much larger
than the nanoparticle radii an, we expand the Hamiltonian
(A1) to 2nd order in rn/d. Within this approximation, the ex-
pansion of the interparticle electron-electron interaction term
entering Eq. (A1) yields
e2
N1∑
i=1
N2∑
j=2
1
|ρ1,i − ρ2,j |
'
2e2
d
N1∑
i=1
N2∑
j=1
{
1 +
(r1,i − r2,j) · dˆ
d
− (r1,i − r2,j) ·
[
r1,i − r2,j − 3dˆ
(
(r1,i − r2,j) · dˆ
)]
2d2
}
.
(A3)
Here, rn,i denotes the position of the ith electron belonging
to the nth nanoparticle relative to its center. Similarly, the
expansion of the single-particle confinement (A2) yields
U2NP(ρ1,i) ' U1(r1,i)−
N2e
2
d
{
1 +
r1,i · dˆ
d
− r1,i ·
[
r1,i − 3dˆ(r1,i · dˆ)
]
2d2
}
, (A4a)
U2NP(ρ2,i) ' U2(r2,i)−
N1e
2
d
{
1− r2,i · dˆ
d
− r2,i ·
[
r2,i − 3dˆ(r2,i · dˆ)
]
2d2
}
, (A4b)
where Un is the single-particle confinement of an isolated
nanoparticle defined in Eq. (7), which is harmonic with the
Mie frequency inside the nanoparticle and Coulomb-like out-
side [23, 33]. Notice that ω1 = ω2 if the two nanoparticles are
made of the same metal, i.e., they have the same electronic
density.
Using Eqs. (A3) and (A4) to express Eq. (A1), we obtain
the Hamiltonian
H =
2∑
n=1
Hn +Hd-d, (A5)
up to an irrelevant constant. In Eq. (A5),
Hn =
Nn∑
i=1
[
p2n,i
2me
+ Un(rn,i)
]
+
e2
2
Nn∑
i,j=1
(i6=j)
1
|rn,i − rn,j | (A6)
represents the Hamiltonian of the isolated nanoparticle n [23,
33], while
Hd-d =
e2
d3
N1∑
i=1
N2∑
j=1
[
r1,i · r2,j − 3(r1,i · dˆ)(r2,j · dˆ)
]
(A7)
stands for the dipole-dipole interaction between the two elec-
tron distributions in the respective nanoparticles. Note that
7retardation effects can be neglected as we assume that the in-
terparticle distance d is much smaller than the wavelength as-
sociated with each LSP frequency, so that the quasistatic ap-
proximation is valid.
The Hamiltonian (A5) can be conveniently expressed in
terms of the electronic center-of-mass coordinates Rn =∑Nn
i=1 rn,i/Nn and momenta Pn =
∑Nn
i=1 pn,i, and the rel-
ative coordinates r′n,i = rn,i−Rn and p′n,i = pn,i−Pn/Nn
(n = 1, 2) [22, 23]. Assuming that the center-of-mass dis-
placements are much smaller than the nanoparticle radii, we
obtain to second order in the parameter Rn/an  1 the
decomposition (1). The center-of-mass Hamiltonian repre-
senting the plasmonic collective excitations coupled via the
dipole-dipole interaction reads
Hpl =
2∑
n=1
(
P 2n
2Mn
+
Mn
2
ω˜2nR
2
n
)
+
Q1Q2
d3
[
R1 ·R2 − 3(R1 · dˆ)(R2 · dˆ)
]
, (A8)
with Mn = Nnme and Qn = Nne the total electronic mass
and charge in the nth nanoparticle, respectively, and where ω˜n
is defined in Eq. (3). In Eq. (1),
Heh =
2∑
n=1
Nn∑
i=1
[
p′n,i
2
2me
+ Un(r
′
n,i)
]
+
e2
2
2∑
n=1
Nn∑
i,j=1
(i6=j)
1
|r′n,i − r′n,j |
(A9)
represents the Hamiltonian for the relative electronic coordi-
nates, while
Hpl−eh =
2∑
n=1
Nn∑
i=1
Rn · ∇Un(rn,i)
∣∣
Rn=0
(A10)
is the coupling Hamiltonian between center-of-mass and rela-
tive coordinates.
Introducing the bosonic operator
bn =
1√
2
(
Rn
`n
+
iPn`n
~
)
(A11)
annihilating a plasmon in nanoparticle n and its adjoint b†n,
with `n = (~/Mnω˜n)1/2 the associated oscillator length, the
plasmonic Hamiltonian (A8) transforms into Eq. (2). Notice
that in writing the latter, we assumed that in each eigenmode
the two LSPs are polarized in the same direction ˆ = cos θ zˆ+
sin θ xˆ forming an angle θ with the z axis (see Fig. 1).
Assuming that electronic correlations are not important for
the present problem, we approximate the Hamiltonian (A9) by
its mean-field counterpart (6). Density functional theory nu-
merical calculations [17] suggest that the self-consistent po-
tential V can be approximated by two spherical square wells
of height V0 centered around each nanoparticle,
V (ρ) '
{
0, ρ ∈ I & II,
V0, ρ ∈ III. (A12)
Note that the form (6) implicitly assumes that tunneling of
electrons between the two wells is suppressed. Within our
mean-field approximation, the coupling Hamiltonian (A10)
thus takes the form (8). By relating collective and relative
coordinates, this expression provides the way to calculate the
decay rate of the coupled plasmonic modes within a quantum-
mechanical approach.
The separation of center-of-mass and relative coordinates
presented in this appendix allowed a complete quantum-
mechanical treatment of the problem, which by essence is
nonlocal. Notice that nonlocal effects in nanostructures can
also be included within classical electrodynamic theories [43].
Appendix B: Diagonalization of the plasmonic Hamiltonian
The standard bosonic Bogoliubov transformation, applica-
ble when the two oscillators have the same frequency, be-
comes more complicated in the case that interests us of a het-
erogeneous dimer. In this appendix, we follow Tsallis [29]
for the diagonalization of the Hamiltonian (2). Towards this
purpose, we introduce the operators
b =

b1
b2
b†1
b†2
 , b† = (b†1 b†2 b1 b2) (B1)
and
B =

B+
B−
B†+
B†−
 = T †b, B† = (B†+ B†− B+ B−) = b†T .
(B2)
The transformation matrix T is defined by
T =
u1,+ u1,− u¯1,+ u¯1,−u2,+ u2,− u¯2,+ u¯2,−u¯1,+ u¯1,− u1,+ u1,−
u¯2,+ u¯2,− u2,+ u2,−
 , (B3)
so that Hpl = b†Hplb = B†HDplB with
Hpl = ~
2
 ω˜1 Ωf(θ) 0 Ωf(θ)Ωf(θ) ω˜2 Ωf(θ) 00 Ωf(θ) ω˜1 Ωf(θ)
Ωf(θ) 0 Ωf(θ) ω˜2
 (B4)
and
HDpl =
~
2
ω+ 0 0 00 ω− 0 00 0 ω+ 0
0 0 0 ω−
 , (B5)
up to irrelevant constants. Imposing that the new operators
B± of Eq. (B2) are bosonic, the coefficients entering the trans-
formation matrix T defined in Eq. (B3) obey
2∑
n=1
(
u2n,± − u¯2n,±
)
= 1. (B6)
8Obtaining the diagonal form (B5) amounts to diagonalizing
the matrix 2HplJ , where
J =
1 0 0 00 1 0 00 0 −1 0
0 0 0 −1
 . (B7)
The condition det {2HplJ − ~ω1} = 0 yields the eigenvalue
equation (
ω2 − ω˜21
) (
ω2 − ω˜22
)
= 4Ω2ω˜1ω˜2f
2(θ). (B8)
Solving for ω, we find the eigenfrequencies (11) of the cou-
pled plasmonic modes. The eigenvectors of 2HplJ then
determine the coefficients of the transformation matrix (B3)
throughω˜1 − ω± Ωf(θ) 0 Ωf(θ)Ωf(θ) ω˜2 − ω± Ωf(θ) 00 Ωf(θ) −ω˜1 − ω± −Ωf(θ)
Ωf(θ) 0 −Ωf(θ) −ω˜2 − ω±

u1,±u2,±u¯1,±
u¯2,±
 = 0.
(B9)
Solving for the system (B9), we find together with the con-
dition (B6) and with the help of the eigenvalue equation (B8)
the coefficients (12) entering the transformation matrix (B3).
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